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Derivatives

The derivative f’(x) expresses the rate of change in a function f.
The aim is to measure the change in y for each change in x,
denoted dy or . We also might want to know the specific rate of

change at a glven value of x.
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e If f(x) is differentiable at x = ¢, then it is also continuous at

x = ¢ (and 'near’ it).
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Derivatives

The derivative f’(x) expresses the rate of change in a function f.
The aim is to measure the change in y for each change in x,
denoted dy or . We also might want to know the specific rate of

change at a glven value of x.

e For a linear function y = ax + b, the rate of change is
_wrn
constantly equal to the slope a = pog

e For a nonlinear function, the rate of change at x = c is given

by the slope of the tangent line at P(c, f(c)).

e If f(x) is differentiable at x = ¢, then it is also continuous at

x = ¢ (and 'near’ it).

f’(x) is solved analytically by a limit, and is graphically observable.



y=mx+b

Constant rate
of change m

(a) A linear function L(x) = mx + b
changes at the constant rate m.



<

y=fx

Variable rate
of change

| > X

(b) If f(x) is nonlinear, the rate of change at x = ¢
is given by the slope of the tangent line at P(c, f(c)).
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Expression of tangential change

Consider a risk that increases by s(t) = 4t? (%), with t in decades.
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Expression of tangential change

Consider a risk that increases by s(t) = 4t? (%), with t in decades.
The risk at t = 2 has increased by s(2) — s(1) = 12 in one decade.
What is the average rate of change during that decade?
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Expression of tangential change

Consider a risk that increases by s(t) = 4t? (%), with t in decades.
The risk at t = 2 has increased by s(2) — s(1) = 12 in one decade.
What is the average rate of change during that decade?

Compute the increase in risk v from t =2 to t =2 + h for a time

change of h, i.e. %:

_ s(2+ h) —s(2)

(2+h)—2
A2+ h)2—4(2)%  44+4h+ h%) —4(4)
- h N h
16h + 4h?

p 6+
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Expression of tangential change

Analytical solving

Consider the smallest possible time change where h — 0:
limp_ov =Ilimp_,0l6+4h =16

The rate of change at t = 2 was, on average, 16% per decade.
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Expression of tangential change

Analytical solving

Consider the smallest possible time change where h — 0:
limp_ov =Ilimp_,0l6+4h =16

The rate of change at t = 2 was, on average, 16% per decade.
Graphical solving
Using the point and slope equation y — yg = m(x — xp), where m

is the slope Lyi =16, xo =t =2 and yp = f(t) = 16, then:

X2 —X:

y — 16 = 16(x — 2) = 16x — 32
y =16x — 16 = 16(x — 1)
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Expression of tangential change

Secant lines approach

y=ax the rate of change at
30- Secant lines
Tangent line t=2%h.

ol As h — 0, one secant

tends towards the
tangent, f/(x).

> 10-

-10-
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Final definitions

Formula:

The derivative of f(x) is the function f'(x) = /imhﬂow.
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Formula:

The derivative of f(x) is the function f'(x) = /imhﬂow.

Slope of a tangent:

The slope of the tangent line to the curve y = f(x) at the point
(c,f(c)) is mean = f'(c).
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Final definitions

Formula:

The derivative of f(x) is the function f'(x) = /imhﬁow.

Slope of a tangent:

The slope of the tangent line to the curve y = f(x) at the point
(c,f(c)) is mean = f'(c).

Significance of the sign:

e f(x) is increasing at x = c if f’(¢) >0

e f(x) is decreasing at x = c if f’(¢) <0
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Economic profitability

Consider a commodity for which the profit function is
P(x) = —4x? 4+ 60x — 12. Find the profit rate P'(x) at x = 10.
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Economic profitability

Consider a commodity for which the profit function is
P(x) = —4x? 4+ 60x — 12. Find the profit rate P'(x) at x = 10.

P(x + h) — P(x)

Pl(x) = li
() = fim, p
i [FA0CHR)? + 60(x + h) — 12] — (—4x® + 60x — 12)
T A0 h
. —4h2 — 8hx + 60h
 h—0 h

= lim —4h — 8x + 60 = 60 — 8x
h—0
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Economic profitability

Consider a commodity for which the profit function is
P(x) = —4x? 4+ 60x — 12. Find the profit rate P'(x) at x = 10.

P(x + h) — P(x)

P'(x) = li
() = fim, p
i [FA0CHR)? + 60(x + h) — 12] — (—4x® + 60x — 12)
T =0 h
lim —4h% — 8hx + 60h
=i
h—0 h
= /|7im0—4h—8x—|—60 — 60 — 8x
—

The profit rate at x = 10 is P’(10) = 60 — 8(10) = —20 dollars per

unit of x.
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Economic profitability (continued)

Find the equation of the tangent at x = 10.
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Economic profitability (continued)

Find the equation of the tangent at x = 10.

, Function:
4004 y=—4x"+60x-12
y=-20x+388 f(x) = —4x% + 60x — 12
ol Derivative:
f'(x) = 60 — 8x

Slope of tangent at x = 10:
60 — 8(10) = —20

>.200
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Economic profitability (continued)

Find the equation of the tangent at x = 10.

, Function:
4004 y=—4x"+60x-12
y=-20x+388 f(x) = —4x% + 60x — 12
ol Derivative:
f'(x) = 60 — 8x

Slope of tangent at x = 10:
60 — 8(10) = —20

>.200

] f(10) = —4(10%) 4 60(10) — 12
| — 188
b 5 io sy — 188 = —20(x —10)

y = —20x + 388
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Rules

Constant rule:

Zlc]=0 Iimh%ow =0if f(x)=c
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Power rule:

%[x”] = nx"1
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Rules

Constant rule:

d%[c] =0 limpoo 7f(x+h):f(x) =0iff(x)=c

Power rule:

%[x”] = nx"1

Constant multiple rule:

% [cf (x)] = cLf(x)
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Rules

Constant rule:

d%[c] =0 limpoo 7f(x+h):f(x) =0iff(x)=c

Power rule:

%[x”] = nx"1

Constant multiple rule:

% [cf (x)] = cLf(x)

Sum rule:

K[ + ()] = Lf(x) + &)
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Application to population growth

Consider a population for which the growth function is

P(t) = t? 4 20t + 8,000 million people per year.

Find the growth rate at t = 10 and t = 11, and the actual change
in population at t = 11.
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Application to population growth

Consider a population for which the growth function is

P(t) = t? 4 20t + 8,000 million people per year.

Find the growth rate at t = 10 and t = 11, and the actual change
in population at t = 11.

P'(t) =2t +20
P’(10) = 2(10) + 20 = 40 people/year at t = 10
P’'(11) = 2(11) + 20 = 42 people/year at t = 11
P(10) = 100 + 200 + 8,000
P(11) = 121 + 220 + 8,000
P(11) — P(10) = 41 people/year at t = 11
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Application to population growth (continued)

Find the equations of the tangents at t = 10 and t = 11.
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Application to population growth (continued)

Find the equations of the tangents at t = 10 and t = 11. Using

the point-slope equation y — yo = m(x — xp) :

P'(10) =2(10) +20 =40 — slopem = 40
at t =10, y — f(10) = y — 10 +20(10) + 8,000 = 8,300
= 40(x — 10)
y = 40x — 400 + 8,300 = 40x + 7,900
P'(11) = 2(11) +20 = 42
att =11, y—f(11) =y —11% +20(11) + 8,000 = 8,341 = 42(x — 1.
y = 42x — 462 + 8,341 = 42x + 7,879
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Application to population growth (graphical check)

10500~

10000~ f(t) = 2+ 20t + 8000
tangent at t=10: 40x+7900
tangent at t=11: 42x+7879

9500-

9000 -

8500 -

8000-
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Relative rates

Relative rate of change:

Q(x) _ dQ/dx
R — @
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Relative rates

Relative rate of change:
Q'(x) _ dQ/dx

Qx) — @

Percentage rate of change:

100Q’(x)
Q(x)
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Relative rates

Relative rate of change:
Q'(x) _ dQ/dx

Qx) — @

Percentage rate of change:

100Q’(x)
Q(x)

e.g.
e if the slope of the tangent at x is ¢ = —20, then the function
is decreasing, since f'(c) <0

e if the actual value of x is 2,000, then the function is

decreasing at a rate of 27%% = .01, or 1%
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GDP growth rate

Consider a country with a GDP output function equal to
N(t) = t? + 5t + 101, with to = 1998.
What is its GDP growth rate in 20087
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GDP growth rate

Consider a country with a GDP output function equal to
N(t) = t? + 5t + 101, with to = 1998.
What is its GDP growth rate in 20087

N'(t)=2t+5
N’(10) = 2(10) + 5 = 25 billion dollars at t = 10
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GDP growth rate

Consider a country with a GDP output function equal to
N(t) = t? + 5t + 101, with to = 1998.
What is its GDP growth rate in 20087

N'(t)=2t+5
N’(10) = 2(10) + 5 = 25 billion dollars at t = 10

What is the relative growth rate of GDP in that same year?
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GDP growth rate

Consider a country with a GDP output function equal to
N(t) = t? + 5t + 101, with to = 1998.
What is its GDP growth rate in 20087
N'(t)=2t+5
N’(10) = 2(10) + 5 = 25 billion dollars at t = 10

What is the relative growth rate of GDP in that same year?

At t =10, N(10) = 100 + 50 —|— 101 = 251 and N'(10) = 25.
The relative growth rate is 251 ~ 10% per year in that period.
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Wage increases

If your salary is $48,000/year and you get an increase of
$2,000/year, at what percentage rate is your wage increasing, and

how will that rate progress through time?
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Wage increases

If your salary is $48,000/year and you get an increase of
$2,000/year, at what percentage rate is your wage increasing, and

how will that rate progress through time?
f'(t) = 2,000

1007(t)  100(2,000) 200
f(t) ~ 48,000+ 2,000t 48 + 2t
(
)

100f'(t) 2
100f(t) _ 200 _

tt=1
@ ’ 50

f(t
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Wage increases

If your salary is $48,000/year and you get an increase of
$2,000/year, at what percentage rate is your wage increasing, and

how will that rate progress through time?

f'(t) = 2,000
100¢/(t)  100(2,000) 200
f(t) 48,000 + 2,000t 48+ 2t
100'(t) _ 200
Cf(r) 50

att =1,

The percentage rate of change decreases with time as t — 4o00.
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More rules

Product rule:

S ()g(x)] = f(x) - Llg()] +g(x) - LIF(x)]
or equivalently: (fg)’ = fg’ + gf’
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More rules

Product rule:
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or equivalently: (fg)’ = fg’ + gf’

Quotient rule:

' —fg’
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More rules

Product rule:

S ()g(x)] = f(x) - Llg()] +g(x) - LIF(x)]
or equivalently: (fg)’ = fg’ + gf’

Quotient rule:

' —fg’
(é), = £ g2g

Second derivative

(x) = % is the second derivative of f'(x). The derivative of

order n is denoted £(")(x).

Chain rule

If y = f(u) and u = g(x), then f(g(x)) = % = f'(g(x))g'(x)
(next week)
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Product rule

Demonstrate that the product rule for f(x) = x? and g(x) = x3

does not work like the multiple and sum rules.
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Product rule

Demonstrate that the product rule for f(x) = x? and g(x) = x3

does not work like the multiple and sum rules.

f(x)g(x) = x*x> = x°

[F(x)g(x)) = 5x*

As proof that the product rule does not work like like the multiple

and sum rules:
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Product rule

Example 1: Apply the product rule to f(x) = x? and g(x) = x°.
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Product rule

Example 1: Apply the product rule to f(x) = x? and g(x) = x°.

(X2X3)/ — X2(X3)/ —I—X3(X2)/

= X2(3X2) + x3(2x) = 3x* £ 2x* = b5x*
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Product rule

Example 2: Differentiate P(x) = (x — 1)(3x — 2).
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Product rule

Example 2: Differentiate P(x) = (x — 1)(3x — 2).

P(x) = 3x* — 5x + 2
P'(x) = 6x —5

Using the product rule:

P'(x)=(x—-1)3x-2)+(3x —2)(x — 1)
=(x—-1)3)+ (Bx—2)(1) =6x—5
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Product rule

Example 3.1: differentiate y(x) = (2x + 1)(2x% — x — 1).
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Product rule

Example 3.1: differentiate y(x) = (2x + 1)(2x% — x — 1).

V()= (@x+1D)[2x> —x — 1) + (2x* = x = 1)[2x + 1]’
= (2x+1)(4x — 1) + (2x* — x — 1)(2)
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Product rule

y(x) = (2x+1)(2x*> —x — 1)
Y'(x) = (2x +1)(4x — 1) + (2x* — x — 1)(2)

Example 3.2: find the equation for the tangent line at y = 1.
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Product rule

y(x) = (2x+1)(2x*> —x — 1)
Y'(x) = (2x +1)(4x — 1) + (2x* — x — 1)(2)

Example 3.2: find the equation for the tangent line at y = 1.

y(1) = (2(1) + 1)(2(1)®> — (1) —= 1) = 0 tangency at point (1,0)
y'(1) = (1) + (1) - 1) + (1) - (1) - 1)(2) =9

—0=9(x—1)=9x—9 using the point-slope equation
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Product rule

Y'(x) = (2x +1)(4x — 1) + (2x* — x — 1)(2)

Example 3.3: identify horizontal tangents (null growth) by solving
/
y' =0.
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Product rule

Y'(x) = (2x +1)(4x — 1) + (2x* — x — 1)(2)

Example 3.3: identify horizontal tangents (null growth) by solving
/
y' =0.

y'(x) = 12x2 —3 by polynomial expansion
12x* =3 =0

1 1
X :E:Z thereforex:aandx:—i
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Second derivatives

Calculate f"(x) for:
f(x) =5x* —3x2 —3x + 7
g(x) = 2(3x + 1)
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Second derivatives

Calculate f"(x) for:
f(x) =5x* —3x2 —3x + 7
g(x) = 2(3x + 1)
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Worker productivity

If a worker has a unit productivity function of
Q(t) = —t3 + 6t + 24t at 8am, what is his unit productivity at
11lam, and at what rate is it changing by that time?
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Worker productivity

If a worker has a unit productivity function of
Q(t) = —t3 + 6t + 24t at 8am, what is his unit productivity at
11lam, and at what rate is it changing by that time?

Rate of production: R(t) = Q'(t) = —3t + 12t + 24 of Q(t).
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Worker productivity

If a worker has a unit productivity function of
Q(t) = —t3 + 6t + 24t at 8am, what is his unit productivity at
11lam, and at what rate is it changing by that time?

Rate of production: R(t) = Q'(t) = —3t2 + 12t + 24 of Q(t).
At t =3, R(3) = Q'(3) = —3(3)? + 12(3) + 24 = 33 units/hour.
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Worker productivity

If a worker has a unit productivity function of
Q(t) = —t3 + 6t + 24t at 8am, what is his unit productivity at
11lam, and at what rate is it changing by that time?

Rate of production: R(t) = Q'(t) = —3t + 12t + 24 of Q(t).
At t =3, R(3) = Q'(3) = —3(3)? + 12(3) + 24 = 33 units/hour.
The change in the rate of production is R'(t) = Q"(t) = —6t + 12.
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Worker productivity

If a worker has a unit productivity function of
Q(t) = —t3 + 6t + 24t at 8am, what is his unit productivity at
11lam, and at what rate is it changing by that time?

Rate of production: R(t) = Q'(t) = —3t + 12t + 24 of Q(t).

At t =3, R(3) = Q'(3) = —3(3)? + 12(3) + 24 = 33 units/hour.
The change in the rate of production is R'(t) = Q"(t) = —6t + 12.
At t =3, R((3) = Q"(3) = —6(3) + 12 = —6 units/hour.

It might be a good idea to offer the worker a lunch break at that
point.



QMM LEVEL 1 Al A2 A3 A4

Next week

o Differentiation using the chain rule
e Differentiation of exponentials and logarithms
e Application of marginal effects and differentials

Make sure that you are up-to-date on your handbook readings:

next week is the last session before essential calculus exam.
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