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Derivatives

The derivative f ′(x) expresses the rate of change in a function f .

The aim is to measure the change in y for each change in x ,

denoted dy
dx or

δy
δx

. We also might want to know the specific rate of

change at a given value of x .

• For a linear function y = ax + b, the rate of change is

constantly equal to the slope a = y2−y1
x2−x1 .

• For a nonlinear function, the rate of change at x = c is given

by the slope of the tangent line at P(c , f (c)).

• If f (x) is differentiable at x = c , then it is also continuous at

x = c (and ‘near’ it).

f ′(x) is solved analytically by a limit, and is graphically observable.
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SECTION 2.1 The Derivative
Calculus is the mathematics of change, and the primary tool for studying change is a
procedure called differentiation. In this section, we shall introduce this procedure and
examine some of its uses, especially in computing rates of change. Here, and later in
this chapter, we shall encounter rates such as velocity, acceleration, production rates
with respect to labor level or capital expenditure, the rate of growth of a population,
the infection rate of a susceptible population during an epidemic, and many others.

Calculus was developed in the seventeenth century by Isaac Newton (1642–1727)
and G. W. Leibniz (1646–1716) and others at least in part in an attempt to deal with
two geometric problems:

Tangent problem: Find a tangent line at a particular point on a given curve.
Area problem: Find the area of the region under a given curve.

The area problem involves a procedure called integration in which quantities such as
area, average value, present value of an income stream, and blood flow rate are
computed as a special kind of limit of a sum. We shall study this procedure in Chapters
5 and 6. The tangent problem is closely related to the study of rates of change, and
we will begin our study of calculus by examining this connection.

Recall from Section 1.3 that a linear function L(x) ! mx " b changes at the constant rate
m with respect to the independent variable x. That is, the rate of change of L(x) is given
by the slope or steepness of its graph, the line y ! mx " b (Figure 2.1a). For a function
f(x) that is not linear, the rate of change is not constant but varies with x. In particular,
when x ! c, the rate is given by the steepness of the graph of f(x) at the point P(c, f(c)),
which can be measured by the slope of the tangent line to the graph at P (Figure 2.1b).
The relationship between rate of change and slope is illustrated in Example 2.1.1.

Slope and Rates 
of Change 

102 CHAPTER 2 Differentiation: Basic Concepts 2-2

(a) A linear function L(x) ! mx " b
 changes at the constant rate m.

x

y

Constant rate
of change m

y ! mx " b

(b) If f (x) is nonlinear, the rate of change at x ! c 
 is given by the slope of the tangent line at P(c, f (c)).

x

y

c

P
Variable rate
of change

y ! f (x)

FIGURE 2.1 Rate of change is measured by slope.

EXAMPLE 2.1.1

The graph shown in Figure 2.2 gives the relationship between the percentage of
unemployment U and the corresponding percentage of inflation I. Use the graph to
estimate the rate at which I changes with respect to U when the level of unemploy-
ment is 3% and again when it is 10%.
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Solution
From the figure, we estimate the slope of the tangent line at the point (3, 14), corre-
sponding to U ! 3, to be approximately "14. That is, when unemployment is 3%,
inflation I is decreasing at the rate of 14 percentage points for each percentage point
increase in unemployment U.

At the point (10, "5), the slope of the tangent line is approximately "0.4, which
means that when there is 10% unemployment, inflation is decreasing at the rate of
only 0.4 percentage point for each percentage point increase in unemployment.

In Example 2.1.2, we show how slope and a rate of change can be computed ana-
lytically using a limit.

FIGURE 2.2 Inflation as a function of unemployment.

Source: Adapted from Robert Eisner, The Misunderstood Economy: What Counts and How to Count It,
Boston, MA: Harvard Business School Press, 1994, p. 173.

EXAMPLE 2.1.2

If air resistance is neglected, an object dropped from a great height will fall
s(t) ! 16t2 feet in t seconds.
a. What is the object’s velocity after t ! 2 seconds?
b. How is the velocity found in part (a) related to the graph of s(t)?

Solution
a. The velocity after 2 seconds is the instantaneous rate of change of s(t) at t ! 2.

Unless the falling object has a speedometer, it is hard to simply “read” its
velocity. However, we can measure the distance it falls as time t changes by a
small amount h from t ! 2 to t ! 2 # h and then compute the average rate of
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s ! 16t2
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Expression of tangential change

Consider a risk that increases by s(t) = 4t2 (%), with t in decades.

The risk at t = 2 has increased by s(2)− s(1) = 12 in one decade.

What is the average rate of change during that decade?

Compute the increase in risk v from t = 2 to t = 2 + h for a time

change of h, i.e. δy
δx :

v =
s(2 + h)− s(2)

(2 + h)− 2

=
4(2 + h)2 − 4(2)2

h
=

4(4 + 4h + h2)− 4(4)

h

=
16h + 4h2

h
= 16 + 4h
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Expression of tangential change

Analytical solving

Consider the smallest possible time change where h→ 0:

limh→0 v = limh→0 16 + 4h = 16

The rate of change at t = 2 was, on average, 16% per decade.

Graphical solving

Using the point and slope equation y − y0 = m(x − x0), where m

is the slope y2−y1
x2−x1 = 16, x0 = t = 2 and y0 = f (t) = 16, then:

y − 16 = 16(x − 2) = 16x − 32

y = 16x − 16 = 16(x − 1)
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Expression of tangential change

y = 4x2

Secant lines
Tangent line
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the rate of change at
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Final definitions

Formula:

The derivative of f (x) is the function f ′(x) = limh→0
f (x+h)−f (x)

h .

Slope of a tangent:

The slope of the tangent line to the curve y = f (x) at the point

(c , f (c)) is mtan = f ′(c).

Significance of the sign:

• f (x) is increasing at x = c if f ′(c) > 0

• f (x) is decreasing at x = c if f ′(c) < 0



QMM LEVEL 1 A1 A2 A3 A4 A5

Final definitions

Formula:

The derivative of f (x) is the function f ′(x) = limh→0
f (x+h)−f (x)

h .

Slope of a tangent:

The slope of the tangent line to the curve y = f (x) at the point

(c , f (c)) is mtan = f ′(c).

Significance of the sign:

• f (x) is increasing at x = c if f ′(c) > 0

• f (x) is decreasing at x = c if f ′(c) < 0



QMM LEVEL 1 A1 A2 A3 A4 A5

Final definitions

Formula:

The derivative of f (x) is the function f ′(x) = limh→0
f (x+h)−f (x)

h .

Slope of a tangent:

The slope of the tangent line to the curve y = f (x) at the point

(c , f (c)) is mtan = f ′(c).

Significance of the sign:

• f (x) is increasing at x = c if f ′(c) > 0

• f (x) is decreasing at x = c if f ′(c) < 0



QMM LEVEL 1 A1 A2 A3 A4 A5

Economic profitability

Consider a commodity for which the profit function is

P(x) = −4x2 + 60x − 12. Find the profit rate P ′(x) at x = 10.

P ′(x) = lim
h→0

P(x + h)− P(x)

h

= lim
h→0

[−4(x + h)2 + 60(x + h)− 12]− (−4x2 + 60x − 12)

h

= lim
h→0

−4h2 − 8hx + 60h

h

= lim
h→0
−4h − 8x + 60 = 60− 8x

The profit rate at x = 10 is P ′(10) = 60− 8(10) = −20 dollars per

unit of x .
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Economic profitability (continued)

Find the equation of the tangent at x = 10.

y = − 4x2 + 60x − 12
y = − 20x + 388

0
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x

y

Function:

f (x) = −4x2 + 60x − 12

Derivative:

f ′(x) = 60− 8x

Slope of tangent at x = 10:

60− 8(10) = −20

f (10) = −4(102) + 60(10)− 12

= 188

y − 188 = −20(x − 10)

y = −20x + 388
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Rules

Constant rule:

d
dx [c] = 0 limh→0

f (x+h)−f (x)
h = 0 if f (x) = c

Power rule:

d
dx [xn] = nxn−1

Constant multiple rule:

d
dx [cf (x)] = c d

dx f (x)

Sum rule:

d
dx [f (x) + g(x)] = d

dx f (x) + d
dx g(x)
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Application to population growth

Consider a population for which the growth function is

P(t) = t2 + 20t + 8, 000 million people per year.

Find the growth rate at t = 10 and t = 11, and the actual change

in population at t = 11.

P ′(t) = 2t + 20

P ′(10) = 2(10) + 20 = 40 people/year at t = 10

P ′(11) = 2(11) + 20 = 42 people/year at t = 11

P(10) = 100 + 200 + 8, 000

P(11) = 121 + 220 + 8, 000

P(11)− P(10) = 41 people/year at t = 11
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Application to population growth (continued)

Find the equations of the tangents at t = 10 and t = 11.

Using

the point-slope equation y − y0 = m(x − x0) :

P ′(10) = 2(10) + 20 = 40 → slopem = 40

at t = 10, y − f (10) = y − 102 + 20(10) + 8, 000 = 8, 300

= 40(x − 10)

y = 40x − 400 + 8, 300 = 40x + 7, 900

P ′(11) = 2(11) + 20 = 42

at t = 11, y − f (11) = y − 112 + 20(11) + 8, 000 = 8, 341 = 42(x − 11)

y = 42x − 462 + 8, 341 = 42x + 7, 879
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Application to population growth (graphical check)

f(t) = t2 + 20t + 8000
tangent at t=10: 40x+7900
tangent at t=11: 42x+7879
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Relative rates

Relative rate of change:

Q′(x)
Q(x) = dQ/dx

Q

Percentage rate of change:

100Q′(x)
Q(x)

e.g.

• if the slope of the tangent at x is c = −20, then the function

is decreasing, since f ′(c) < 0

• if the actual value of x is 2, 000, then the function is

decreasing at a rate of 20
2,000 = .01, or 1%
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• if the actual value of x is 2, 000, then the function is

decreasing at a rate of 20
2,000 = .01, or 1%
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GDP growth rate

Consider a country with a GDP output function equal to

N(t) = t2 + 5t + 101, with t0 = 1998.

What is its GDP growth rate in 2008?

N ′(t) = 2t + 5

N ′(10) = 2(10) + 5 = 25 billion dollars at t = 10

What is the relative growth rate of GDP in that same year?

At t = 10,N(10) = 100 + 50 + 101 = 251 and N ′(10) = 25.

The relative growth rate is 25
251 ≈ 10% per year in that period.
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Wage increases

If your salary is $48,000/year and you get an increase of

$2,000/year, at what percentage rate is your wage increasing, and

how will that rate progress through time?

f ′(t) = 2, 000

100f ′(t)

f (t)
=

100(2, 000)

48, 000 + 2, 000t
=

200

48 + 2t

at t = 1,
100f ′(t)

f (t)
=

200

50
= 4%

The percentage rate of change decreases with time as t → +∞.
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More rules

Product rule:

d
dx [f (x)g(x)] = f (x) · d

dx [g(x)] + g(x) · d
dx [f (x)]

or equivalently: (fg)′ = fg ′ + gf ′

Quotient rule:

( f
g )′ = gf ′−fg ′

g2

Second derivative

f ′′(x) = d2y
dx2

is the second derivative of f ′(x). The derivative of

order n is denoted f (n)(x).

Chain rule

If y = f (u) and u = g(x), then f (g(x)) = dy
dx = f ′(g(x))g ′(x)

(next week)
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Product rule

Demonstrate that the product rule for f (x) = x2 and g(x) = x3

does not work like the multiple and sum rules.

f (x)g(x) = x2x3 = x5

[f (x)g(x)]′ = 5x4

As proof that the product rule does not work like like the multiple

and sum rules:

f ′(x) = 2x

g ′(x) = 3x2

f ′(x)g ′(x) = (2x)(3x2) = 6x3
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Product rule

Example 1: Apply the product rule to f (x) = x2 and g(x) = x3.

(x2x3)′ = x2(x3)′ + x3(x2)′

= x2(3x2) + x3(2x) = 3x4 + 2x4 = 5x4
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Product rule

Example 2: Differentiate P(x) = (x − 1)(3x − 2).

P(x) = 3x2 − 5x + 2

P ′(x) = 6x − 5

Using the product rule:

P ′(x) = (x − 1)(3x − 2)′ + (3x − 2)(x − 1)′

= (x − 1)(3) + (3x − 2)(1) = 6x − 5
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Product rule

Example 3.1: differentiate y(x) = (2x + 1)(2x2 − x − 1).

y ′(x) = (2x + 1)[2x2 − x − 1]′ + (2x2 − x − 1)[2x + 1]′

= (2x + 1)(4x − 1) + (2x2 − x − 1)(2)



QMM LEVEL 1 A1 A2 A3 A4 A5

Product rule

Example 3.1: differentiate y(x) = (2x + 1)(2x2 − x − 1).
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Product rule

y(x) = (2x + 1)(2x2 − x − 1)

y ′(x) = (2x + 1)(4x − 1) + (2x2 − x − 1)(2)

Example 3.2: find the equation for the tangent line at y = 1.

y(1) = (2(1) + 1)(2(1)2 − (1)− 1) = 0 tangency at point (1,0)

y ′(1) = (2(1) + 1)(4(1)− 1) + (2(1)2 − (1)− 1)(2) = 9

y − 0 = 9(x − 1) = 9x − 9 using the point-slope equation
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Product rule

y ′(x) = (2x + 1)(4x − 1) + (2x2 − x − 1)(2)

Example 3.3: identify horizontal tangents (null growth) by solving

y ′ = 0.

y ′(x) = 12x2 − 3 by polynomial expansion

12x2 − 3 = 0

x2 =
3

12
=

1

4
therefore x =

1

2
and x = −1

2
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Second derivatives

Calculate f ′′(x) for:

f (x) = 5x4 − 3x2 − 3x + 7

g(x) = x2(3x + 1)

f ′(x) = 20x3 − 6x − 3

f ′′(x) = 60x2 − 6

g ′(x) = x2(3) + (3x + 1)(2x) = 9x2 + 2x

g ′′(x) = 18x + 2
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Worker productivity

If a worker has a unit productivity function of

Q(t) = −t3 + 6t2 + 24t at 8am, what is his unit productivity at

11am, and at what rate is it changing by that time?

Rate of production: R(t) = Q ′(t) = −3t2 + 12t + 24 of Q(t).

At t = 3, R(3) = Q ′(3) = −3(3)2 + 12(3) + 24 = 33 units/hour.

The change in the rate of production is R ′(t) = Q ′′(t) = −6t + 12.

At t = 3, R ′(3) = Q ′′(3) = −6(3) + 12 = −6 units/hour.

It might be a good idea to offer the worker a lunch break at that

point.
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Next week

• Differentiation using the chain rule

• Differentiation of exponentials and logarithms

• Application of marginal effects and differentials

Make sure that you are up-to-date on your handbook readings:

next week is the last session before essential calculus exam.
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