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Example 1: Population growth

Consider an initial population of 6.1 billion people at P(0) = 2000,
and a constant annual growth rate of 1.4%. Find P(t).
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Example 1: Population growth

Consider an initial population of 6.1 billion people at P(0) = 2000,
and a constant annual growth rate of 1.4%. Find P(t).

P(0) = 6.1

P(1) = P(0) x 1.014
=6.1 x (1.014)!

P(2) = P(1) x 1.014 = [6.1 x (1.014)] x (1.014)
=6.1 x (1.014)?

P(3) = 6.1 x (1.014)*

P(t) = 6.1 x (1.014)¢
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Power functions

Integer powers

If k € Z, p(x, k) = x* k is the exponent.
eg. 22=2x2x2=8
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Fractional powers

If n,me Z*, xm = (9/x)"  {/x is the positive m-th root of x.

eg. 42 = (\2/1)1 =\4=2
eg. 43 = (43 =2=38
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Power functions

Integer powers

If k € Z, p(x, k) = x* k is the exponent.
eg. 22=2x2x2=8

Fractional powers

If n,me Z*, xm = (9/x)"  {/x is the positive m-th root of x.

eg. 42 = (\2/1)1 =\4=2
eg. 43 = (43 =2=38

Negative and null powers

At negative powers, x kK = 1

At zero power, x0=1.
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Exponential functions

If bis a positive number other than 1, there is a unique function
called the exponential function with base b such that

f(x)=b* VbeRT b#1
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Exponential functions

If bis a positive number other than 1, there is a unique function
called the exponential function with base b such that

f(x)=b* VbeRT b#1

eg. y=2%
2710 — 001 23=.125 271=5 20—71 2l—92 23_3g

— f(x) = 2% is always increasing
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Exponential functions

If bis a positive number other than 1, there is a unique function
called the exponential function with base b such that

f(x)=b* VbeRT b#1

eg. y=2%
2710 — 001 23=.125 271=5 20—71 2l—92 23_3g

— f(x) = 2% is always increasing
eg y=(3)
2

(1) °=1024 (})3=8 (1)0=1 12— 251%— 125
— f(x) = (3)" is always decreasing
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y = b with b>1

Exponential growth: limy_, o f(x) =0 and limy_ o f(x) = +00
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Note that x intercept = {@}, y intercept = 1.
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y=b"with0<b<1

Exponential decay: limy_,_o f(x) = 400 and limy_, 4o f(x) =0

3.0 y=(1/3)*
2.5+
2.0

1.5+

1.0+

0.51

-0 -05 00 05 10
X

Note that x intercept = {@}, y intercept = 1.
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Warning powers # exponentials

f(x) = b* is an exponential function of base b

g(x) = x® is power function of exponent b
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Rules for exponentials

If b>0and b#1, y = b*is defined, continuous and positive for

all x.
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Rules for exponentials

If b>0and b+# 1, y = b~ is defined, continuous and positive for
all x. VYa,b € R+ and x,y € R, the following rules apply:
e Equality: b*=b"iff x=y
e Power: (b*)Y = b¥
eg (23)2=232=064
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Rules for exponentials

If b>0and b+# 1, y = b~ is defined, continuous and positive for
all x. VYa,b € R+ and x,y € R, the following rules apply:

e Equality: b*=b"iff x=y
e Power: (b*)Y = b¥

eg (23)2=232=064
e Product: b*bY = b*Y

e Quotient: % = p* Y
3
e.g. 3—5 =235=-22=-1

IS
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Rules for exponentials

If b>0and b#1, y = b*is defined, continuous and positive for
all x. Va,b € R+ and x,y € R, the following rules apply:
e Equality: P =P iffx=y
Power: (b*)Y = b¥
eg. (2%)2=2%2=064
Product: b*bY = b*Y
Quotient: % = by
e.g. g—z =23-5_—_92"2_ %
Multiplication: (ab)* = a*b*
Division: (2)* = &

3
eg (3’ =5=1s
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Example 2: Solving exponentials

If £(x) = 5°72% find all values of x such that f(x) = 125.
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Example 2: Solving exponentials

If £(x) = 5°72% find all values of x such that f(x) = 125.

The equation is satisfied iff 5< 2% = 53
Since b = bY iff x = y:

x> +2x =3
2+2x—-3=0
(x=1)(x+3)=0

— f(x) =125 iff x = +1,x = =3.
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Natural exponential base e

Fx) = (1+ )

f(10) = 1.11° ~ 2.59
f(100) = 1.011% ~ 2.70
£(1000) = 1.001%0% ~2.71

e = limy o0 (1 + 1)¥ ~ 2.71828182
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Natural exponential base e

Fx) = (1+ )

f(10) = 1.11° ~ 2.59
f(100) = 1.011% ~ 2.70
f(1000) = 1.001%0% ~2.71

e = limy o0 (1 + 1)¥ ~ 2.71828182
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Example 3a: Compound interest

Assume P is a sum invested at an annual interest rate of r.

The balance after compounding onceis B=P+ P -r = P(1+r).
If compounding occurs k times per year, then the interest rate is .
Find the annual balance function B(t).
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Example 3a: Compound interest

Assume P is a sum invested at an annual interest rate of r.

The balance after compounding onceis B=P+ P -r = P(1+r).
If compounding occurs k times per year, then the interest rate is .
Find the annual balance function B(t).

P1=Po+ Po(%) = Po(1+ %)
Py =P + Pl(/:) = P1(1+ i)
= [Po(L+ DI+ ) = Po(L+ )

— P(t) = Po(1 + %)kf
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Example 3b: Continuous compound interest

— B(t) = P(1 + L)Xt
What happens if k goes to infinity?
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Example 3b: Continuous compound interest

— B(t) = P(1 + L)Xt
What happens if k goes to infinity?

Let k = nr.
P(e) = Po(1+ )"
= Po(1+ L) = Pof(1+ )"
- nr -0 n
H H 1 nyrt
— B(t) = Pe"t

Independently of k, the balance will never exceed Pe™.
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Example 3c: Present value

— B(t) = P(1 + L)Xt

Assume that we know the future value B(t) that we want to
accumulate over time. How much do we need to invest at t = 0 to
obtain B(t)?

Find P, i.e. the present value of B to be received in t years.
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Example 3c: Present value

— B(t) = P(1 + L)Xt

Assume that we know the future value B(t) that we want to
accumulate over time. How much do we need to invest at t = 0 to
obtain B(t)?

Find P, i.e. the present value of B to be received in t years.

B(t) = P(1+ L)k

k
B(O(L+ 1)+ = P(L+ D)+ 1)

k k
r

Since b*b’ = b**Y P = B(t)(1 + —

—kt
)

If compounding is continuous, B = Pe' and therefore P = Be™'t.
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Logarithmic functions

Exponential to the base b
y=b b>0b#1

eg. 22=8

e.g. 104 = 10,000
-3 _ 1 _ 1

e.g. 5 3 5 — 125
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Logarithmic functions

Exponential to the base b
y=b b>0b#1

eg. 22=8

e.g. 104 = 10,000
-3 _ 1 _ 1

e.g. 5 3 5 — 125

Logarithm of x to the base b

y = logy, x such that b¥ = x
e.g. log,8=3
e.g. |0g10 10, 000 =14

e.g. logs 315 =-3
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y = b with b>1

Logarithms reverse the process of exponentiation, which allows to
express products and quotients as sums and differences:
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Rules for logarithms

Let b be any logarithmic base (b > 0,b # 1).
Then log, 1 = 0 since b° =1 and log;, b = 1 since b! = 0.



QMM LEVEL 1

Rules for logarithms

Let b be any logarithmic base (b > 0,b # 1).
Then log, 1 = 0 since b° =1 and log, b = 1 since b* = 0.
The following rules apply if x,y € R*:
e Equality: log, x = log}, iff x =y
o Power: log, x* = klog,x Vk €R
e.g. logs 8 = logs 23 = 3 logs 2
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Rules for logarithms

Let b be any logarithmic base (b > 0,b # 1).
Then log, 1 = 0 since b° =1 and log;, b = 1 since b! = 0.
The following rules apply if x,y € R*:
e Equality: log, x = log}, iff x =y
o Power: log, x* = klog,x Vk €R
e.g. logs 8 = logs 23 = 3 logs 2
e Product: log, xy = logy x + log, y
e Quotient: Iogb§ = log, x — log, y
e.g. log, % = log, 7 — log, 3
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Rules for logarithms

Let b be any logarithmic base (b > 0,b # 1).
Then log, 1 = 0 since b° =1 and log;, b = 1 since b! = 0.
The following rules apply if x,y € R*:

e Equality: log, x = log}, iff x =y
o Power: log, x* = klog,x Vk €R
e.g. logs 8 = logs 23 = 3 logs 2

Product: log, xy = log, x + log,, ¥

Quotient: log, § = log, x — log, y
e.g. log, % = log, 7 — log, 3

Inversion: log, b = u
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Example 4a: Solving logarithms

Solve each of the following equations for x:

_1
log, x = 5
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Example 4a: Solving logarithms

Solve each of the following equations for x:

_1
log, x = 5

=V4=2

N

x=4
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Example 4a: Solving logarithms

Solve each of the following equations for x:

Iog4x:%
=V4=2
log, 27 =3

N

x=4
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Example 4a: Solving logarithms

Solve each of the following equations for x:

Iog4x:%
i 4t —i—2
log, 27 =3

X3 =27 — x = 273 = /27 = 3.
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Example 4a: Solving logarithms

Solve each of the following equations for x:

Iog4x:%
i 4t —i—2
log, 27 =3

X3 =27 — x = 273 = /27 = 3.

logg, 16 = x
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Example 4a: Solving logarithms

Solve each of the following equations for x:

Iog4x:%
log, 27 =3

X3 =27 — x = 273 = /27 = 3.

logg, 16 = x
64 =16
(26)X _ 24

2
6x = 4 since b* = b’ impliesx:y%x:g
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Example 4b: Rewriting logarithms

Rewrite each of the following expressions in logs 2 and logg 3:

5
logs 3
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Example 4b: Rewriting logarithms

Rewrite each of the following expressions in logs 2 and logg 3:

5
logs 3

logs % = logs 5 — logs 3 = 1 — logg 3 since logpb = 1.
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Example 4b: Rewriting logarithms

Rewrite each of the following expressions in logs 2 and logg 3:
logs 2
logs % = logs 5 — logs 3 = 1 — logs 3 since logpb = 1.

logs 64

logs 64 = log 52° = 6 logs 2.
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Example 4b: Rewriting logarithms

Rewrite each of the following expressions in logs 2 and logg 3:
logs 2
logs % = logs 5 — logs 3 = 1 — logs 3 since logpb = 1.

logs 64
logs 64 = log 52° = 6 logs 2.

logs 36
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Example 4b: Rewriting logarithms

Rewrite each of the following expressions in logs 2 and logg 3:

logs 2
logs % = logs 5 — logs 3 = 1 — logg 3 since logpb = 1.
logs 64
logs 64 = log 52° = 6 logs 2.
logs 36
logs 36 = logg 22 - 32

= logg 2% + logs 32
= 2logs 2 + 2logs 3
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Example 4c: Proving logarithms

Prove the equality rule

If log, x = log, y, then x = y.
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Example 4c: Proving logarithms

Prove the equality rule
If log, x = logy y, then x = y.
Let X =log,x and Y = log, y.

Then, by definition, bX = x and bY = y.
Therefore, if log, x = log, y, then x =y, so that:

b = bY
x=y
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Example 4c: Proving logarithms (continued)

Prove the product rule

If log, xy = logy, x + logy y.
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Example 4c: Proving logarithms (continued)

Prove the product rule

If log, xy = logy, x + logy y.

logp x +log,y =X +Y
— Iogb bX+Y
= log, bXbY

= log, xy
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Natural logarithm

For x > 0, y = In(x) iff & = x

The ‘natural logarithm’ In(x) has the logarithmic base e.
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Natural logarithm

For x > 0, y = In(x) iff & = x
The ‘natural logarithm’ In(x) has the logarithmic base e.

Remarkable values

In(1) = c such as e = 1 — since € =1, In(1)
1

0.
In(e) = ¢ such as e€ = e — since e* = ¢, In(e) = 1.

Solving capabilities

e.g. Let a super-quick exponential e?%* = 3.
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Natural logarithm

For x > 0, y = In(x) iff & = x

The ‘natural logarithm’ In(x) has the logarithmic base e.

Remarkable values

In(1) = c such as e = 1 — since e® = 1, In(1) = 0.
In(e) = c such as e€ = e — since e! = e, In(e) = 1.

Solving capabilities

e.g. Let a super-quick exponential e?%* = 3.

Taking the natural log on both sides: /n(3) = In(e?®) = 20x

— x can be computed as /"2(5) ~ .05
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Natural logarithm

For x > 0, y = In(x) iff & = x

The ‘natural logarithm’ In(x) has the logarithmic base e.

Remarkable values

In(1) = c such as e = 1 — since e® = 1, In(1) = 0.
In(e) = c such as e€ = e — since e! = e, In(e) = 1.

Solving capabilities

e.g. Let a super-quick exponential e?%* = 3.

Taking the natural log on both sides: /n(3) = In(e?®) = 20x

— x can be computed as /"2(5) ~ .05
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y = In(x) with x >0

Following the (linear) increase in In(x) to track the (exponential)

increase of ¢* allows to model a wide range of nonlinear processes.
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Urban density

The population density at the centre of a city is 15,000 inhabitants.
It then drops to 9,000 at a distance of 10 miles from the centre.
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Urban density

The population density at the centre of a city is 15,000 inhabitants.
It then drops to 9,000 at a distance of 10 miles from the centre.
Express population as a function of the form Q(x) = Ae™** where

x is the distance in miles from the centre.
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Urban density

The population density at the centre of a city is 15,000 inhabitants.
It then drops to 9,000 at a distance of 10 miles from the centre.
Express population as a function of the form Q(x) = Ae™** where

x is the distance in miles from the centre.

Solving A: Q(0) =15 — Ae® = A =15
Solving k : Q(10) =9 — 9 = 1510k % — e 10K

_In3/5
10

In%z—lOk%k: .05

Exponential function for population density: Q(x) = 15e~05%.
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Urban density

The population density at the centre of a city is 15,000 inhabitants.
It then drops to 9,000 at a distance of 10 miles from the centre.
Express population as a function of the form Q(x) = Ae™** where

x is the distance in miles from the centre.

Solving A: Q(0) =15 — Ae® = A =15
Solving k : Q(10) =9 — 9 = 15e 10k % — e 10K

_In3/5
10

In%z—lOk%k: .05

Exponential function for population density: Q(x) = 15e~05%.



