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Functions: What do we mean by y = f (x)?
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Functions: Basic definitions

• Definition:

The real-valued function f : x → y x , y ∈ R is a rule that
assigns one real number y ∈ R1 to each real number x ∈ R1.

R1 denotes the set of all real numbers from −∞ to +∞ on
the real number line.

• Domain/Range:

Given f : x ∈ X → y ∈ Y , the set X denotes the domain of
the function and the set Y denotes its range (co-domain).

• Euclidean space:

A function with n variables exists in the n-dimensional
Euclidean space Rn where each n-axis goes from −∞ to +∞.
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Functions: Set notation

• Let X be a set:

x ∈ X : the element x belongs to the set X .
x /∈ X : the element x does not belong to the set X .
X = {∅} : empty set.

• Important sets:

N: natural numbers
R: real numbers
Z: integers
Q = {n/d : (n, d) ∈ Z and d 6= 0}: rational numbers

• Interval notation:

[a, b] = {x : x ∈ R and a ≤ x ≤ b: closed interval
(a, b) = {x : x ∈ R and a < x < b: open interval
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Functions: Relation to sets

• Let X and Y be sets:

X = Y : the sets X and Y are equal.
X ⊂ Y : X is a subset of Y .
X ∩ Y = {x : x ∈ X and x ∈ Y }: intersection
X ∪ Y = {x : x ∈ X or x ∈ Y }: union

• Cartesian product:

The Cartesian product X × Y of two sets X and Y is the set
of all ordered pairs (x , y) with x , y ∈ R.

Ex. Let X = {1, 2} and Y = {2, 4}.
Then X × Y = (1, 2), (1, 4), (2, 2), (2, 4).

• In more general terms:

Let X and Y be sets. The relation R from X to Y is a subset
of X × Y and is written xRy if (x , y) ∈ R.
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Functions: Terminology

• Functions as mappings of sets:

The basic point of a function is to provide a ‘rule of
correspondence’ between two sets: the element x ∈ X is the
input of the function, which produces the output y ∈ Y .

• Functions as dependence:

Using the function f : x → y , we might choose to express the
relationship between two terms x and y as a dependence of y
upon x . We might later say that x predicts y .

• Back to domains:

Let X and Y be sets. A function f : X → Y is a relation from
its domain X to its codomain Y . The set Y = f (X ) can be
written as {f (x) : x ∈ X} and is the image (or range) of f .
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Functions: Example

• Model of market commodity:

Demand function: D(x) = p where p is the price at which
each unit of commodity x sells.
Supply function: S(x) = p where p is the price at which
units of x are effectively sold.
How do these functions behave in economic view?

• Model of market profit:
Revenue function: R(x) = x · p(x), which stands for
(number of units sold) × (price per unit).
Cost function: C (x)
Profit function:

P(x) = R(x)− C (x) = x · p(x)− C (x)
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b. Since negative numbers do not have real square roots, g(t) can be evaluated only
when t ! 2 " 0, so the domain of g is the set of all numbers t such that t " 2.
The range of g is the set of all nonnegative numbers, for if y " 0 is any such
number, there is a t such that ; namely, t # y2 $ 2.

There are several functions associated with the marketing of a particular commodity: 

The demand function D(x) for the commodity is the price p # D(x) that must be
charged for each unit of the commodity if x units are to be sold (demanded).

The supply function S(x) for the commodity is the unit price p # S(x) at which pro-
ducers are willing to supply x units to the market.

The revenue R(x) obtained from selling x units of the commodity is given by the
product

R(x) # (number of items sold)(price per item)
# xp (x)

The cost function C(x) is the cost of producing x units of the commodity.
The profit function P(x) is the profit obtained from selling x units of the commodity

and is given by the difference

P(x) # revenue ! cost
# R(x) ! C(x) # xp(x) ! C(x)

Generally speaking, the higher the unit price, the fewer the number of units
demanded, and vice versa. Conversely, an increase in unit price leads to an increase in
the number of units supplied. Thus, demand functions are typically decreasing (“falling”
from left to right), while supply functions are increasing (“rising”), as illustrated in the
margin. Here is an example that uses several of these special economic functions.

EXAMPLE 1.1.5

Market research indicates that consumers will buy x thousand units of a particular
kind of coffee maker when the unit price is

p(x) # !0.27x $ 51

dollars. The cost of producing the x thousand units is

C(x) # 2.23x2 $ 3.5x $ 85

thousand dollars.
a. What are the revenue and profit functions, R(x) and P(x), for this production process?
b. For what values of x is production of the coffee makers profitable?

Solution
a. The revenue is

R(x) # xp(x) # !0.27x2 $ 51x

thousand dollars, and the profit is

thousand dollars.

 # !2.5x2 $ 47.5x ! 85
 # !0.27x2 $ 51x ! (2.23x2 $ 3.5x $ 85)

 P(x) # R(x) ! C(x)

Functions Used
in Economics

y # !t ! 2

1-5 SECTION 1.1 FUNCTIONS 5

Just-In-Time REVIEW

Recall that is defined to
be the positive number whose
square is a.

!a

p

x

Supply

Demand

Just-In-Time REVIEW

The product of two numbers
is positive if they have the
same sign and is negative if
they have different signs. That
is, ab . 0 if a . 0 and b . 0
and also if a , 0 and b , 0.
On the other hand, ab , 0 if
a , 0 and b . 0 or if a . 0
and b , 0.

hof32339_ch01_001-100.qxd  11/17/08  3:02 PM  Page 5 User-S198 201:MHDQ082:mhhof10%0:hof10ch01:
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Functions: Applied example 1

• Assume the following commodity pricing situation:

p(x) = −.27x + 51C (x) = 2.23x2 + 3.5x + 85

Find R(x) and P(x).

• Solution 1:

R(x) = x · p(x) = −.27x2 + 51x

P(x) = R(x)− C (x) = (−.27x2 + 51x)− (2.23x2 + 3.5x + 85)

⇒ P(x) = −2.5x2 + 47.5x − 85
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Functions: Applied example 2

• Following up on Example 1:

P(x) = −2.5x2 + 47.5x − 85 dollars

At what values of x is production profitable?

• Solution 2:

P(x) = −2.5x2 + 47.5x − 85

= −2.5(x2 − 19x + 34)

= −2.5(x − 2)(x − 17)

Production is profitable if P(x) > 0.
P(x) > 0 only if (x − 2)(x − 17) is negative, i.e. when
x − 2 > 0 and x − 17 < 0.
Production is profitable if 2 < x < 17.
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Functions: Applied example 3

• Suppose the following:
Fixed cost function:

C (q) = q3 − 30q2 + 500q + 200

Compute the production cost of 10 units.

• Solution 3:
C (10) = (10)3 − 30(10)2 + 500(10) + 200 = 3, 200.
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Functions: Applied example 4

• Assume the following fixed cost function:

C (q) = q3 − 30q2 + 500q + 200

C (10) = 3, 200. Compute the production cost of the 10th
unit.

• Solution 4:

C (10) = 3, 200

C (9) = (9)3 − 30(9)2 + 500(9) + 200 = 2, 999

Marginal cost of 10th unit: C (10)− C (9) = 201.
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